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Abstract 

Efficient formulae of Ricci tensor for an arbitrary diagonal metric are presented. 



Introduction 

Calulation of the Ricci tensor is often a cumbersome task. In this note useful formulae 
of the Ricci tensor are presented in equations (1) and (2) for the case of the diagonal 
metric tensor. Application of the formulae in computing the Ricci tensor of n-sphere is 
also presented. 

Derivation 

The sign conventions and notation of Wald [1] will be followed. Latin indices are 
part of abstract index notation and Greek indices denote basis components. The Riemann 
curvature tensor Rabc ^ is defined by Va'^b^^c — V^VaCi^c = Rabc ^<^d- The Ricci tensor 
in a coordinate basis is R\i, = dpV^^^ — dxTP^ — V^^T^^ + F^^r^^ where the Christoffel 
symbols are = gP^ [dxg^^ + di,g\^ — d^g\jy) /2. For the rest of this note we assume 
that is diagonal unless otherwise indicated. Also to avoid having to write down "// ^ v" 
repeatedly we will always take jJ.^ v and no sum will be assumed on repeated ji and v. 

We first note that F^^, = {) H jji ^ p ^ i/. It means that at least two indices of F 
must be the same for it to be nonvanishing. Also In \g\ = Yl^=i \9<ya\ where g and n are 
determinant of the metric and dimension of manifold, respectively. Then it is easy to show 
that 2F^^ = 9o-ln l^r^^l for all a and that 2FJ^^ = —g'^'^di^g^^^,. (Again ji ^ f and no sum 
on and v.) These two equations give 

4F-^FM, = {d,g^^) ^/^M ^d^g^^) = {d^ In \g,,\) {d^ In \g,,\) = 4F;^,F-, 
Using above facts, we get, with each sum having upper limit n and lower limit 1, 

i?M-=W + 5.r;:,-(i/2)a^a.in|^|-F;:^F^,-F;:^Fe.- J] f^^f^, 

+ (l/2)F;^,a^ In 1^1 + (l/2)F;:,a. In |^| 



+ r;i,a^ In \ \g^p\ + r^l^a^ in ^\^\ + V^^d, in J 1(7^^1 + Vl,d^ In 



+ {l/2)r^^,d^ In I I + (l/2)F;:,a. In | \ 



1 



— (^ /9\f) r) In I 9tiii9vu I _ p/i p/i _ _ p!^ pM _ pi^ pi^ _ po" pc 



I pA* pA* I pM pJ^ I pi^ pM I p'^ p'^ 

+ {i/2)v^^^d. In I I + (i/2)r;:,a. in I 

9p-iJ.9i^v 9iJ.iJ.9vv 



or (remember /i ^ ly) 



4:Rf,ty = {dfj,\n\gtyty\ - df,)di, In \ — - — \ + {/i ^ v) - ^ dfj,\n\g^^\diy\n\g^^\ (1) 

where (// zv) stands for preceding terms with /j, and v interchanged.* A number of useful 
facts follow from the above formula. First of all Rfj_^ = if Xfj_ is an ignorahle coordinate 
because is in each term of the formula. If there are m ignorable coordinates then 
maximum number of nonzero off-diagonal components of the Ricci tensor is {n—m){n—m— 
l)/2. Thus a sufficient condition for the Ricci tensor to be diagonal is that the (diagonal) 
metric be a function only of one coordinate. The Robertson- Walker metric with flat spatial 
sections, ds'^ = —dt^ + a{t)'^{dx'^ + dy'^ + dz^), satisfies this condition and its Ricci tensor 
is consequently diagonal. If the (diagonal) metric is a finiction only of two coordinates, 
say x^j, and x^, then all off diagonal components of the Ricci tensor except R^^u are zero. 
For example, for Schwartzschild metric ds^ = —B{r)dt^ + A{r)dr'^ + {dO'^ + sin^ 9d(j)^) 
only Rq^ needs to be explicitly calculated, all other being zero. It is easily checked using 
equation (1) that Ror is also zero. Symmetry arguments can also be givenf as to why the 
Ricci tensor is diagonal in this case. Secondly second derivative terms are identically zero 
whenever each component of the metric is a product of functions of one single coordinate 
i.e. if, for all g^^ = H/Li ffii^i) where some of may be one. A final trivial corollary 



* Alternative forms of equation (1) are 

= Ea^M,^ [^^'^ l^'^^l ~ ^A*) 1^ \9cra\ + il^' ^ i^) - 9^ In \gaa\dv In \gaa\] and 
8i?^. = E.^^,. [{d. In ^ - 2d^) In \g,,\ + (/. ^ v)] 
t Page 178 of Weinberg [2]. 



of equation (1) is that the Ricci tensor is diagonal in 2-dimensions. This fact also follows 
trivially from the fact that in 2-dimensions, the Ricci tensor is the metric tensor (not 
necessarily diagonal) up to a factor of a scalar function. When n = 3, it is easy to find an 
example of a diagonal metric which results in a non-diagonal Ricci tensor. For example, 
ds'^ = dx^ + xdy^ + ydz^ gives 'iR^^y = 1 /xy. 

We now calculate the diagonal components of Ricci tensor. We have 



=dl In J\g^^\ + daTJ,^ - 9^ In - T^^^T 



p 



- E ^Ip^U + ^l^P^ In + J] Vl^d, In 

=(1/2)^2 In 1^1 + d.vi^ - (r;ij' - Y ^lo^l^ - E TM^r^M 
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^ Y K,K^ + ^^^.d. In J\^\ + r>;^d, in Ph + E TpM^a In VWl 

=(1/4) (a^ini^^j -2a^)a^in|-^| + Y kr^^ - sr^M^l^a - {K^f 

^^^^ a^M 

+ r^^a,in^] 

- (1/2)9, (g'^'^d^g^^) 



:(l/4) {d^ln\g^^\ - 2d,)d^ln\-^\ + ^ 



+ S'"" (^c^^mm) da In ^/\^\ - (d^ In v^^) - {g''y2) {d,g^^)d. In 



= T In \gi^^\ - 2d^) d^ln\ — \- 

+ ^"" (a,^^^)a,in^ 



-E 



2a,(5r--a,^^^) + (a^ln|5r,,|)^ 



or 



4i?MM = (^M In b^^l - 29^) In - ^ [ {d^ In |^,,|)' + (d. In ^ + 29,)^--^,^^^ 



(2) 



where 29, acts everything on its right. The efficiency of this formula is obvious for 
Schwartzschild metric given earlier. To compute Ru we note that all terms with dt are zero. 



Thus 4Ru = -J2a^t (^aln^ + 2a,) (g'^'^d^gu). Because gu = -B{r) only the a = r 

p/ p' / A' p/ \ 

term survives and we get, after very httle computation, Ru = ~ \ ^ ^ ] ~^ 2I" 
where prime indicates differentiation with respect to r.:j: Other diagonal components are 
just as easy to compute. 

Application to n-sphere 

To illustrate the use of above formulae we compute Ricci tensor of n-sphere which 
in spherical coordinates has diagonal metric g\i = 1 and = g^^siv? for 1 < 

< n — 1. First note that In |^^^| = Yl!t=i I sina;i/| and thus dpg^^^^ = if n > p > 
jji > 1. These facts will be used repeatedly in what follows. We first compute the off 
diagonal components of Ricci tensor. According to the general argument given earlier 
second derivative terms will be zero. Let ijl> v. Then equation (1) becomes 

AR^^ = [{d„ln\g^^\) d^ln\gaa\ - {d^ln\gaa\) d„ln\gaa\] 
<j>fj, 

=4 (cot Xi, cot Xfj, — cot x^ cot Xi,) = 

(7>fJ, 

We next compute the diagonal components. We have, from equation (2), 
^R^.^. = -Yl In \9'ra\ + In \gaa\f ] - J] (a. In ifi + 2d,) g'^'d^g^^ 

= ^ (-2 X 29^ cot x^- 4 cot' o;^) - ( In ^ + 2a^_i L^-i'^-^a^-i^/^^ 

- XI (^aln^J^^f Ad,\n\sinx^-i\+2d^g''"d,{g^-i^^-ifiw?Xij^-i) 

_sr^ f 4 _ ^cos^_x^ 
^Vsin'a;^ sin'a;^ 



( ^ a^_iln|5r,,|) -2a^_iln|5f^^| +2a^_i 

a>ix—l 

sir? x^-i X {da In + 2a,)^''^a,^^_i,^_i 



X Cf. page 178 of Weinberg and note that his Rabc^ is minus of Wald's. Also see 
problem 6.2 of [1]. 
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<T>/i— 1 



- sm Xp-i 



(T</i-l 9^-1,^1-1 



=4(n — /x) — [2 cota;^_i(n + 1 — /x) — 4cotx^_i] sm2a;^_i — 2 x 2cos2x^_i 

1^1 



sin^a;^_i ^ (9,^ In — 

cr<^i-l 9^-1,^-1 



=4(n — //) — 4 [ cos^ x^-i{n — + 1) — 2 cos^ a;^-! + cos^ x^-i — sin^ ^m-i] 



sin^ a;^_i ^ (a^- In h 2da)g'"' dag,j.-i,,j.-i 



=4 [n — /i — cos^ Xn-i{n — + 1) + l] 



-sin^a;^_i ^ (^^-In 



cr</Ll — 1 



= sin 
Thus 



— + 2a,)^--a,^^_i,^_i 



4(n-/x+l)- 5^ (d^ln^ + 2a,)^""a. 



fl'/i— 1,/Lt— 1 



4i? 



4(n - ^) - J] ("a. In ^ + 2a, ) g'^'^d^g^^ 



We now rewrite the expression inside the square brackets. Break up the sum into a = jJL — l 
and a < jJL-l and use g^^ = g^-i^^-i siv? x^-i. Then 

[ ] =4(n In ^ + 2d^_^)g^-^''^-^d^_^g^^ 
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- J2 (^aln^^^ 4a,ln|sina;^_i|+2a,')^--a,^^^ 

4(n - //) - In Ifirl - 2a^_i In \g^^\ + 23^-1^^'-'^''-^ 

- fd^ln^ + 2^\''''^a{g^,-l,^,-lsm^x^-l) 

( d^-i\n\gaa\) -2x2cotx,^-i + 2di^-i 



^M-i,M-isin 2Xfj,-i 



=4(n - //) 



<j>fjb—i 



sin 2a;^_i 



— sm X 



5^ (a,ln^^^ + 2dAg^^d,g^-i,^-i 

a<tM-l \ 9fj,-l,,j,-l J 



=4(n — n) — [2 cot Xju-i (n — + 1) — 4 cot sin 2xp_i — 4 cos 2x^_i 



sin^ a;. 



a<M-l V 5'/i-l,M-l / 

=4(n — //) — 4 cos^ x^-i{n — /!+ 1) — 2 cos^ + cos^ — sin^ j 

- sin^ Xfj,-i ^ j 9^ In ^-^^^^ h 2^0. j g'^^'d^g^^i^^^i 

=4 n — ji — cos^ iC/u-i + 1 — //) + sin^ + cos^ a^^-i 

- sin^ x^-i ^ ('a^ In J^^! h 2da\g''" d^g^i-i,^-! 

=4:{n + l- ^^)sw? x^_i-siv? x^-i In ^-^^ +2d^\g'"' d^g^^i^^^i 



CT</:i— 1 



Next 

4i?ii = - E.>i [29? In l^^^l + (d^ In |^,,|)'] = 4 - cot^ E.>i = 4(n - 1) 

All preceding calculations amount to proving that Rp^ = {n— l)gpn- Let {v^} be the dual 
basis of the tangent space where p labels a particular basis vector. Then 

Rab = RpaV^v^ = {n- l)gpaVPv^ = {n- l)gab 
This fact about n-sphere is also provable using the machinery of symmetric spaces. See 
chapter 13 of [2]. 

Equations (1) and (2) were derived when attempt was made to establish any connec- 
tion between diagonality of Riya and that of g^ru- Finally we remark that Dingle [3] has 
listed values of for the case of 4-dimensional diagonal metric. 
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